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Abstract 

A self-transverse immersion of a smooth manifold M k+2 in M 2fc+2 has a double 
point self-intersection set which is the image of an immersion of a smooth 
surface, the double point self-intersection surface. We prove that this surface 
may have odd Euler characteristic if and only if k = 1 mod 4 or k + 1 is a power 
of 2. This corrects a previously published result by Andras Sziics [22]. 

The method of proof is to evaluate the Stiefel- Whitney numbers of the double 
point self-intersection surface. By the methods of [2] these numbers can be 
read off from the Hurewicz image h(a) € H2k+2^ O0 '^ O0 M0(k) of the element 
a £ 7T2fc+2^ 0O 5] 0C M 0(h) corresponding to the immersion under the Pontrjagin- 
Thom construction. 
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1 Introduction 

Let /: M n ~ k 9-> W l be a self-transverse immersion of a compact closed smooth 
(n — fc) -dimensional manifold in n -dimensional Euclidean space (0 < k < n). 
A point of W 1 is an r-fold self-intersection point of the immersion if it is 
the image under / of (at least) r distinct points of the manifold. The self- 
transversality of / implies that the set of r-fold self-intersection points (the 
r -fold self-intersection set) is itself the image of an immersion 

e r (f): A r (f)^R n 

of a compact manifold A r (/), the r-fold self-intersection manifold, of dimen- 
sion n — rk, although in general this immersion will not be self-transverse. It is 
natural to ask what can be said about this r-fold intersection manifold: which 
manifolds can arise for each value of n, k and r? 

The simplest case is when n = rk so that the self-intersection manifold is a 
finite set of points and this case was the first to be considered in detail (see [3], 
[10], [11], [12], [16]). 

More recently cases of higher dimensional self-intersection manifolds have been 
considered. Andras Sziics was one of the first to do so and in [22] considered 
the simplest case of interest, when the double point self- intersection manifold is 
a surface; this arises for n = 2k + 2 . In this paper we return to this case using 
different methods to Sziics. Our main result is the following. 

Theorem 1.1 For k > 1, there exists an immersion f: M k+2 S-> M. 2h+2 with 
double point self-intersection manifold of odd Euler characteristic if and only if 
k = 1 mod 4 or k + 1 is a power of 2 . 

This result should be contrasted with Sziics' result which asserted that double 
point self-intersection manifolds of odd Euler characteristic can occur only if 
k = 1 mod 4. Szucs's approach used differential topology and the argument in 
the case k = 3 mod 4 was particularly delicate. 

Our approach uses algebraic topology and in particular the correspondence be- 
tween bordism groups and homotopy groups of Thorn complexes. In [2] we 
described a general approach to these problems which gives a method for de- 
termining the bordism class of the self-intersection manifolds of any immersion: 
the unoriented bordism class of a manifold is determined by its Stiefel- Whitney 
numbers and the Stiefel- Whitney numbers of the self-intersection manifolds of 
an immersion can be read off from certain homological information about the 
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immersion. For double point self-intersection surfaces the situation is particu- 
larly simple since there are only two bordism classes: a compact surface is a 
boundary if its Euler characteristic is even and is is a non-boundary bordant 
to the projective plane if its Euler characteristic is odd. 

The paper is organized as follows. In Section 2 we recall the results needed from 
[2], establish our basic notation and outline the proof of the theorem covering 
the steps which apply in all cases. In Section 3 we complete the proof in the 
easiest case of k even and this is followed by the proofs for k = 1 mod 4 in 
Section 4 and k = 3 mod 4 in Section 5. Finally, in Section 6, we comment 
on the relationship between our results and those in Szucs' paper [22]. Almost 
everything in that paper is confirmed by our methods. 

Acknowledgements Most of the results in this paper are contained in the 
first author's thesis [1] which also contains other applications of these methods. 
He was supported by the University of Urmia and the Ministry of Culture and 
Higher Education of the Islamic Replublic of Iran during his time as a student 
at the University of Manchester. 

2 The Stiefel Whitney characteristic numbers of the 
double point self-intersection manifold 

Let Imm(n — k, k) denote the group of bordism classes of immersions 

M n-k ^ 

W 1 of compact closed smooth manifolds in Euclidean n-space. Details of 
(co)bordism in this setting have been given by R Wells in [24]. By gen- 
eral position every immersion is regularly homotopic (and so bordant) to a 
self-transverse immersion and so each element of Imm(n — k, k) can be rep- 
resented by a self-transverse immersion. In the same way bordisms between 
self-transverse immersions can be taken to be self-transverse; it is clear that 
such a bordism will induce a bordism of the immersions of the double point self- 
intersection manifolds so that / i— > 82(f) induces a double point self-intersection 
map 

82- Imm(n — k, k) — > Imm(n — 2k, 2k). 

Wells shows how Imm(n — k, k) may be described as a stable homotopy group. 
Let MO(k) denote the Thorn complex of a universal 0(fc)-bundle j k : EO(k) — > 
BO(k) (see [18] for basic material on vector bundles, Thorn complexes and 
bordism theory). Using the Pontrjagin-Thom construction, Wells describes an 
isomorphism 

(j): Imm(n - k,k) ^ vrf MO(k). 
Qeometry & Topology, Volume 4 (2000) 
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Write QX for the direct limit Q^E 00 ^ = limf2 n E n X, where E denotes the 
reduced suspension functor and 0, denotes the loop space functor. By the 
adjointness of the functors E and Q, ir^ MO(k) = ir n QMO(k) . We consider 
the Z/2-homology Hurewicz homomorphism 

h: Tr%MO(k) n n QMO(k) -> H n QMO(k) = H n (QMO(k);Z/2). 

(Throughout this paper we use if* and iJ* to denote homology and cohomology 
with Z/2 coefficients.) 

The main result of [2] describes how, for a self-transverse immersion 
R n corresponding to a G ir^MO(k), the Hurewicz image /i(a) G H n QMO(k) 
determines the normal Stiefel- Whitney numbers of the self-intersection mani- 
folds A r (f). 

To state this result in the case of double point self-intersection manifolds we 
need some preliminaries. 

The quadratic construction on a pointed space X is defined to be 

D 2 X = X A X x z/2 S°° = X A X x z/2 S°°/{*} x z/2 

where the non-trivial element of the group Z/2 acts on X A X by permuting 
the co-ordinates and on the infinite sphere S°° by the antipodal action. There 
is a natural map 

h 2 : QX -> QL> 2 ^ 

known as a stable James-Hopf map which induces a stable Hopf invariant 

hi: vrf X - n%D 2 X 

(see [4] and [19]). 

If the self-transverse immersion /: M n ~ k °^ W 1 corresponds to the element a G 
ir^MO(k) , then the immersion of the double point self-intersection manifold 
62(f): A 2 (/) S-> W 1 corresponds to the element hl(a) G TT^D 2 MO(k) given by 
the stable Hopf invariant (see [15], [20], [21], [23]). 

The immersion 62(f) corresponds to an element in the stable homotopy of 
Z) 2 MO(/c) because the immersion of the double point self-intersection manifold 
automatically acquires additional structure on its normal bundle, namely that 
at each point f(x±) = f(x 2 ) the normal 2k -dimensional space is decomposed 
as the direct sum of the two (unordered) k -dimensional normal spaces of / at 
the points x\ and x 2 ■ The universal bundle for this structure is 

l k x 7 fc x z/2 1: EO(k) x EO(k) x z/2 S°° -> BO(k) x BO(k) x z/2 S°° 

which has the Thorn complex D 2 MO(k) . 
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Forgetting this additional structure on the immersion corresponds to applying 
the map 

£*: ^D 2 MO{k) -> n%MO(2k) 
induced by the map of Thorn complexes £: D 2 MO(k) — > MO(2k) which comes 



from the map BO(k) x BO(k) 



-Z/2 



5 C 



BO{2k) classifying the bundle 



7 x 7* X; 



1 . Thus, we have the following commutative diagram. 



I(n — k, k) 



7r^MO(k) 



I(n - 2k, 2k) 



(1) 



vrf D 2 MO(k) — n%MO(2k) 



Turning now to homology, observe that, by adjointness, the stable James-Hopf 
map h 2 : QX — > QD 2 X gives a stable map T>°°QX — > T,°°D 2 X inducing a map 
in homology h%: H n QX — > H n D 2 X . This gives the following commutative 
diagram. 



TT^MO(k) — TT^D 2 MO(k) — 



ir n QMO(k) 
h 



hi 



h s 



TT^MO(2k) 



h s 



(2) 



H n QMO(k) — *■ H n D 2 MO(k) — «- H n MO(2k) 



In this diagram the second and third vertical maps are stable Hurewicz homor- 
morphisms defined using the fact the Hurewicz homomorphisms commute with 
suspension. The first square commutes by the definition of the stable Hurewicz 
map and by naturality, and the second square commutes by naturality. 

Notice that the normal Stiefel-Whitney numbers (and so the bordism class) of 
the double point self-intersection manifold A2(/) of an immersion /: M n ~ k 9-> 
M. n corresponding to a € ir^MO(k) are determined by (and determine) the 
Hurewicz image h s {(5) of the element (3 = £*h%(a) 6 n^MO(2k) corresponding 
to the immersion 9 2 {f). To be more explicit in the case under consideration 
we recall the structure of H 1f MO(k) . 
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Let ei £ HiBO(l) = Z/2 be the non-zero element (for i > 0). For each 
sequence I = (ii, i 2 , ■ ■ ■ , i k ) of non-negative integers we define 

ej = e^e^ . . . e ifc = (/ifc)*(e il <8> e i2 ® . . . e ifc ) G H*BO(k) 

where 50(l) fc -> BO(jfe) is the map which classifies the product of the 
universal line bundles. The dimension of ej is |7| = i\ + i 2 + ■ ■ ■ + i k ■ 

From the definition of fj, k , e, h e i2 ...e ik = e ia(1) e irj(2) . . . e irj(k) for each a <G E fc , 
where is the permutation group on A; elements. Thus each such element can 
be written as e^e^ . . . ei k where i\ < 12 < . • • < ik and it follows by a counting 
argument that 

{ e h e i2 . . . e ik \ < h < i 2 < . . . < ik} 
is a basis for H*BO(k) (see [14] Proposition 2.4.3). 

The sphere bundle of the universal 0(k) -bundle 7^ is given up to homotopy 
by the inclusion BO(k — 1) — > BO(k) and so the Thorn complex MO(k) is 
homotopy equivalent to the quotient space BO(k)/BO(k — 1). It follows that 

{ e h e i2 . . . e ik | 1 < i ± < i 2 < . . . < ik } 

is a basis for H*MO{k) . 

By Diagrams (1) and (2), the double point self-intersection surface of an im- 
mersion M k+2 M. 2h+2 may be identified up to bordism by using the stable 
Hurewicz homomorphism 

h s : ^ k+2 MO{2k) -» H 2k+ 2MO{2k). 

From the above, H 2k+ 2MO(2k) has a basis {e^' _1 e 3 , ef'^e 2 .}. The element 
(3 € 7r| fc+2 MO(2/c) corresponds to an immersion of a non-boundary (ie, a surface 
of odd Euler characteristic, bordant to the real projective plane) if and only if 
h s (J3) = ef- 1 e 3 , the only non-zero stably spherical element. This corresponds 
to the fact that a surface L is a non-boundary if and only if the normal Stiefel- 
Whitney number w\[L] = 1 (see [2] Proposition 3.4). 

For k > 1 we are in the stable range, 7rf fc+2 MO(2/c) = Z/2, and h s is a 
monomorphism: any two immersions of bordant manifolds are bordant. On 
the other hand, for k = 1 the group Imm(2,4) = 7rfMO(2) is infinite and h s 
is not a monomorphism. The bordism class of an immersion L 2 S-> M 4 is not 
determined by L. 

This discussion can be summed up in the following theorem which follows es- 
sentially from Diagrams (1) and (2). 
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Theorem 2.1 Suppose that f: M k+2 ^ R 2k+2 is a self-transverse immersion 
corresponding to a £ 7r| fe+2 MO(A;) . Then the double point self-intersection 
surface A 2 (f) has odd Euler characteristic and so is a non-boundary if and 
only if 

&hlh(a) = e 2 1 k - 1 e 3 E H 2k+2 MO(2k). □ 

The map h 2 : H n QMO(k) — > H n D 2 MO(k) in Diagram (2) is very easy to de- 
scribe in terms of the description of H*QX as a Pontrjagin ring provided by 
Dyer and Lashof (see [9] or [17]). They make use of the Kudo-Araki operations 
Q z : H m QX — > H m+ iQX . These are trivial for i < m and equal to the Pontr- 
jagin square for i = m. If / denotes the sequence (i±, i 2 , . . . ,i r ) then we write 
Q*x = Q h Q i2 ...Q ir x. The sequence I is admissible if ij < for 1 < j < r 
and its excess is given by e(7) = i\ — i 2 — . . . — i r . With this notation we can 
give the description of H*QX as a polynomial algebra: if { x\ \ A £ A } is a 
homogeneous basis for H*X C H*QX where A is a path-connected space then 

H*QX = Z/2[Q I x x | A € A, I admissible of excess e(I) > dimx\]. 

Thus a basis for H^QX is provided by the monomials in the polynomial gen- 
erators. 

We may define a height function ht on the monomial generators of H*QX by 
\\i{x\) = 1, ht(Q l u) = 2ht(u) andht(-u-f) =ht(ti)+ht(w) (where u-v represents 
the Pontrjagin product). The following is a special case of Lemma 2.3 in [2]. 

Lemma 2.2 The homomorphism h 2 : H*QX — > H*D 2 X is given by projection 
onto the monomial generators of height 2. The kernel is spanned by the set of 
monomials of height other than 2 . □ 

Corollary 2.3 A basis for H 2k + 2 D 2 MO(k) is given by the following set: 

{ e\ ■ e^es, e\ • e^ 2 e|, e k ~ l e 2 ■ e k ~ l e 2 , Q k+2 e k }. □ 

The map H n D 2 MO(k) — > H n MO(2k) of Diagram (2) is also determined in 
[2]. In the case of n = 2k + 2, Theorem 3.1 of [2] gives the following. 

Lemma 2.4 The homomorphism £*: H 2k+2 D 2 MO(k) -> H 2k+2 MO(2k) is 
determined by the following values: 

U4-e k T 1 ^)=ef- 1 er, 

U4 ■ e\- 2 el) = Ue k ~ l e 2 ■ e*" 1 ^) = ef^e 2 ; 
Qeometry & Topology, Volume 4 (2000) 
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UQ k+2 4) 



f for k = mod 4, 

e^ _1 e 3 for k = 1 mod 4, 

ef ~ 2 e\ fork = 2 mod 4, 

I ef _1 e 3 + ef ~ 2 e\ for k = 3 mod 4. 



Proof The first three results are immediate from [2] Theorem 3.1. 
For the fourth we apply the formula given in the theorem: 

UQ k+2 e\) = £ n^o" 1 ) 616 "^ 1 K - 0) 

mi+m2+...+m t =2 j=l 

= £ eie mi+ ieie m2+ i . . . eie mfc+ i (mj > 0) 

mi+m2+...+rn k =2 

\ 2k-l , (k\ 2k-2 2 

which gives the required result. □ 

To prove Theorem 1.1 using Theorem 2.1 we determine the image of the spheri- 
cal classes in H2k+2QMO(k) , ie, the classes in the image of h: TT2k+2QMO(k) — ► 
H2k+2QMO(k), under o hi (see Diagram (2)). A complete description of 
these spherical classes is not necessary for it is sufficient to observe the follow- 
ing well-known properties of spherical classes (which are immediate from H if S n 
by naturality). 

Lemma 2.5 (a) If an homology class u E H n X is spherical then it is primi- 
tive with respect to the cup coproduct, ie, 

ip(u) = u<8>1 + 1<8>«, 

where ip: H n X — > H n (X x X) = Y^i H%X ® H n ^X is the map induced by the 
diagonal map. 

(b) If an homology class u <G H n X is spherical (or stably spherical, ie, in the 
image of h s : ir^X — > H n X ) then it is annihilated by the reduced Steenrod 
algebra, ie, 

Sqt(u) =0 

for all i > 0, where Sql : H n X — ► H n _iX is the vector space dual of the usual 
Steenrod square cohomology operation Sq l : H n ~ l X — > H n X . □ 

To apply the first of these observations we determine the image of the coproduct 
primitive submodule of H2k+2QMO(k) in Hik+2Di MO(k) . 
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Lemma 2.6 Suppose that k > 2. Then a basis for the coproduct primitive 
submodule PH 2 k +2 QMO(k) is given by the following set of elements: 

{ ei e i2 . . . e ik | 1 < i 2 < . . . < i k }U{ 4~ 2 4+4'4~ 2 4, e^Ve^ea, Q k+2 e\ }. 

For k = 1, a basis for PH^QM0(1) is given by 

{Q 3 ei, ex-ex-ex- ex }. 
For k = 2, a basis for PH & QM0(2) is given by 

{ eie 5 , eg + e\ ■ e\ + e\ ■ e\ ■ ef, exe 2 • eie 2 , Q 4 ej }. 

Proof Recall that ip(ei) = Y2j e j This determines ip{ei) by naturality. 

First of all observe that a basis element e^e^ . . . ej, (?i < z 2 < • • • < ifc) of 
H*MO(k) is primitive if and only if ix = 1. To complete the proof we evaluate 
the coproduct on the non-primitive height 1 basis elements and on all the basis 
elements of greater height in this dimension. 

For k > 2 there are no basis elements of height greater than 2. For simplicity 
we use the reduced coproduct ip(u) = ip{u) — u<8>l — l®u so that u is primitive 
when ip(u) = 0. Straightforward calculations give the following: 

4,{e k 2 - 2 el) = e>l® e\~ 2 e\ + e\~ 2 e\ ® e\- 

^(e^ _1 e 4 ) = e\ <8> e^ _1 e 3 + e^ _1 e 2 <8> e^ _1 e 2 + e^ _1 e 3 <g> e{; 

^(ef • ef-^s) = ef ® e^ 1 e 3 + ej"^ ® ef ; 

${e\ ■ e\' 2 e 2 2 ) = e\® e\~ 2 e 2 + e\- 2 e 2 ® e*; 

^(e^ 1 e 2 -e^- 1 e 2 ) = 0; 

^(Q fc+2 e^) = 0. 

The lemma follows immediately from these results. 

Similar calculations give the results for k = 1 and k = 2. □ 
This lemma has the following immediate corollary. 

Corollary 2.7 For k > 1, a basis for the projection of the coproduct primitive 
submodule h 2 PH 2 k +2 QMO(k) C H 2 k +2 D 2 MO(k) is given by the following set 
of elements: 

{e\-e\- 2 e\, e\~ x e 2 ■ e\~ x e 2 , Q k+2 e\}. 
For k = 1 a basis for hlPH 4 QMO(l) is given by { Q 3 ex}. □ 

To complete the proof of the main theorem it is convenient to consider various 
cases depending on the value of k modulo 4. 
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3 Case 1: k even 

Theorem 3.1 For even k, the double point self-intersection surface of each 
self-transverse immersion f: M k+2 9-> R 2fc+2 has even Euler characteristic and 
so is a boundary. 

To prove this result we evaluate dual Steenrod operations on the elements given 
by Corollary 2.7. 

Lemma 3.2 For even k, we have the following results in H if D 2 MO(k): 

Sq 1 M ■ e\-\\) = Sql(e k 1 - 1 e 2 ■ e k ~ l e 2 ) = 0; 
Sq\{Q k+2 e k ) = Q k+1 e\; 

Sq 2 M ■ e k ~ 2 el) = S q l{e k ~ 1 e 2 ■ e\~ x e 2 ) =e k -e k . 

Proof These are immediate from the Steenrod squares in BO(l) = RP°° 
(Sq*ej = (^~ % )ej-i) and the Nishida relations (see [17]). □ 

Corollary 3.3 For even k, given a G 7rf fc+2 MO(/c) , 

hlh(a) = X(e k ■ e k ~ 2 el + e k ~ l e 2 ■ e k ~ 1 e 2 ) 

for A G Z/2. 

Proof By Lemma 2.5(a) h 2 h(a) is a linear combination of the elements given 
by Corollary 2.7. But since, by Lemma 2.5(b), it is annihiliated by Sq^ and 
Sql only elements of the given form can arise. □ 

Proof of Theorem 3.1 Suppose that / corresponds to a G ir 2 k+ 2 QMO(k) . 
Then 

^h^nya) — A^{e 1 ■ e 1 e 2 + e 1 e 2 ■ e 1 e 2 ) — A{e 1 e 2 + e 1 e 2 ) — U 
by Lemma 2.4. 

The result follows by Theorem 2.1. □ 

We can still ask whether there exists an immersion /: M k+2 S-> ~R 2k+2 corre- 
sponding to a G ir$ k+2 MO(k) with h 2 h(a) = e\ ■ e\~ 2 e 2 2 + e\~ l e 2 ■ e k ~ 1 e 2 . To 
answer this we first observe the following result. 
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Proposition 3.4 For even k, given an immersion f: M k+2 S-> M. 2k+2 corre- 
sponding to a £ 7rf fc+2 MO(/c) , the Hurewicz image h(a) G H 2k+2 QMO(k) is 
determined by the bordism class of M . 



Proof Suppose that k > 2. Notice that the height 1 part of h(a) is given by 
h s {a) G H 2k+2 MO{k) C H 2k+2 QMO{k) (see Dia gram (1) in [2]) and so 

h(a) = h s (a) + /i 2 /i(a) 

using the obvious inclusion H^D 2 MO(k) C H^QMO(k) as the elements of 
height 2. Furthermore, h s (a) is determined by the normal Stiefel-Whitney 
numbers of M and so by the bordism class of M (see [2] Lemma 2.2). 

Suppose that f x : M-f +2 S-> M 2fc+2 and f 2 : M 2 fe+2 S-> M 2fe+2 are two immersions 
of bordant manifolds Mi and M 2 corresponding to ai\, a 2 G 7r 2 i fc+2 MO(/c) 
respectively. Since Mi and M2 are bordant manifolds h s (ai) = h s (a 2 ). It 
follows that 

h(ui) - h(u 2 ) = hl(ai) - hl(a 2 ) 
= /i 2 /i(«i - a 2 ) 

= \{e\ ■ e\- 2 e\ + e\~\ 2 ■ e\^e 2 ) 

by Corollary 3.3. However e\ ■ e\~ 2 e\ + e k 1 " l e 2 ■ e\~ x e 2 e H 2k+2 QMO(k) is not 
primitive (by Lemma 2.6) and so not spherical. 

Hence h{a\) — h(a 2 ) = and so h(a±) = h{a 2 ) as required. 

For k = 2 the above proof has to be modified to take account of height 3 
elements. This leads in this case to 

h(a 1 ) - h(a 2 ) = \(e\ ■ e\ + c\e 2 ■ e\e 2 + e\ ■ e\ ■ e\) 

which gives the same result. □ 



From now on we write a(m) for the number of digits 1 in the dyadic expression 
for the positive integer m. 

Proposition 3.5 For even k > 2, given an immersion f: M k+2 S-> M. 2k+2 
corresponding to a G 7rf fc+2 MO(/c) , the Hurewicz image h(a) G H 2k + 2 QMO(k) 
is given as follows: 

( h (a), if the normal Stiefel-Whitney number w 2 w k [M] = 0, 
{a) = { h s (a) + 4 ■ e\- 2 e 2 + e\~ x e 2 ■ e\~ x e 2 , if w 2 w k [M] = 1. 

The second case arises if and only if a(k + 2) < 2. In this case, writing 
k + 2 = 2 r + 2 s where r > s > 1, we can take M to be IF 2 " x IP 2 ' . 
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For k = 2, given f: M A S-> M 6 corresponding to a G 7rfMO(2), the Hurewicz 
image h(a) G H 6 QMO(2) is given as follows: 

0, if w|[Af] = 0, 

e i + e i • e 2 + e i e 2 • eie 2 + e 2 • ef • ef , if T(^[M] = 1. 



Proof Suppose that k > 2 and that /: M fc+2 q-> M 2fc+2 is an immersion cor- 
responding to a G 7rf fc+2 MO(fc). 

If A = in Corollary 3.3 then fo(a) = h s (a) . By Lemma 2.6, A = 1 if and only 
if e k ~ 2 e\ has coefficient 1 when h s (a) is written in terms of the basis {e/}. 
This occurs if and only if the Stiefel- Whitney number W2W)~[M\ = 1. For, by 
[2] Lemma 2.2, W2Wk[M] is given by the Kronecker product (w2W%, h s (a)} in 
MO(k). By naturality, this product can be evaluated in BO(l) k using and 
the fact that /i^tOi = ai(x±,X2, • • • , x^) G Z/2[xi, x 2 , . . . Xfc] = H*BO(l) k , the 
ith elementary symmetric polynomial. In this case rf[ c { w 2 w k) = S x^x^x?, ■ ■ ■ x\ 
and so the Kronecker product (w2w\, h s {a)) is given by the coefficient of 
e2~ 2 e\- Hence A = 1 if and only if W2Wk[M] = 1. 

In the case a(k + 2) > 2, by a theorem of RLW Brown ([6] Theorem 5.1), 
there exists an embedding f\: M\ M 2fc+2 of a manifold Mi bordant to M . 
Suppose that fi corresponds to ct\ G Tr2 k+2 MO(k) . Then h 2 h(ai) = since /i 
is an embedding with no double points. Hence, by Proposition 3.4, h 2 h(a) = 
and so h(a) = h (a). 

For a(k + 2) < 2 put k + 2 = 2 r + 2 s where r > s > 1 . Then by Whitney's im- 
mersion theorem there are immersions MP 2r S-> R 2r+1_1 and RP 2 ' M 2S+1_1 
and the product of these gives an immersion /: RP 2r x ]RP 2S ^ M. 2r+ + 2S+ ~ 2 = 
IR 2fc+2 . Finally a standard verification shows that the normal Stiefel- Whitney 
number W2W2r + 2^-2[^P 2r x RP 2 "] = 1. 

The argument for A; = 2 is almost identical. The manifold M 4 either is a 
boundary or is bordant to MP 2 x MP 2 depending on the value of the normal 
Stiefel- Whitney number TZJ^fM] . The presence of the height 3 term e 2 • e\ • e 2 in 
the Hurewicz image shows that in this case any immersion of a non-boundary 
has an odd number of triple points. □ 



4 Case 2: k = 1 mod 4 

Theorem 4.1 For k = 1 mod 4, given any manifold M k+2 there exists an 
immersion M k+2 9-> ]R 2fc+2 with double point self-intersection surface of odd 
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Euler characteristic (and so a non-boundary) and there exists another immer- 
sion with double point self-intersection surface of even Euler characteristic (and 
so a boundary). 

Proof For k = 1 mod 4, a(k + 2) > 2 and so there exists an immersion 
/: M k+2 S-> M? k+2 by R Cohen's immersion theorem ([7]). Furthermore, for 
such k there is an immersion S k+2 S-> M. 2k+2 with double point manifold of 
odd Euler characteristic ([13] Theorem 1.2). Taking the connected sum of this 
immersion and / gives an immersion of M with a double point self-intersection 
surface with Euler characteristic of opposite parity to that of the double point 
self-intersection surface of /. Hence both parities can arise. □ 

Again it is natural to ask about the Hurewicz image h(a) G H 2 k+2MO(k) of the 
elements a G 7rf fc+2 MO(fc) corresponding to these immersions. The situation 
is the following. 

Proposition 4.2 For k = 1 mod 4 such that k > 1, given an immersion 
f: M k+2 q-> R 2k+2 corresponding to a £ 7rf fc+2 MO(&;) , then the Hurewicz 
image h(a) G H 2 k+2QMO(k) is given as follows: 

, / x / h s (a), if A2(/) has even Euler characteristic, 
^ \ h s (a) + Q k+2 e k , if A 2 (/) has odd Euler characteristic. 

For k = 1, given an immersion f: M 3 M 4 corresponding to a G TrfMO(l), 
then the Hurewicz image h(a) G H±QMO(\) is given as follows: 

t / x _ / 0, if A 2 (/) has even Euler characteristic, 

\ Q 3 e\ + ei • ei • ei ■ ei, if A 2 (/) has odd Euler characteristic. 

Proof Evaluating the dual Steenrod operations on the elements of Corol- 
lary 2.7 we obtain 

SqJ(e* • e k ~ 2 e 2 ) = Sq^e^e, • e\~ l e 2 ) = Sql(Q k+2 e$) = 0; 
Sq^(e^ • e k ~ 2 e 2 ) = Sq^e^ ■ e k ~ l e 2 ) = e k -e k ; 
Sql(Q k+2 e k )=0. 
Hence h 2 h(a) is in the submodule spanned by the set 

For k = 1 mod 4 and k > 1 it follows that a(k) > 2 and so, by RL W Brown's 
embedding theorem ([6] Theorem 5.1), M is bordant to a manifold M\ which 
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has an embedding f\: M\ <^-> R 2k+2 . Let f\ correspond to a\ € 7r| fc+2 MO(A;) . 
Then hlh(ai) = since /i is an embedding. Furthermore, h s (a) = h (c*i) 
since these are determined by the bordism class. It follows, by Lemma 2.6, that 
h 2 h(a) = h(a — a\) = XQ k+2 e k since this is necessarily a primitive class in 
H 2k+2 QMO(k). Hence h(a) = h s (a) + \Q 2k+2 e\ where, by Theorem 2.1 and 
Lemma 2.4, A gives the parity of the Euler characteristic of the double point 
self-intersection surface of the immersion. 

For k = 1, given any immersion /: M 3 S-» R 4 the manifold M is necessarily 
a boundary since this is true of all 3-manifolds and so, if a £ -irfMO(l) = 
Z/2 is the corresponding element, h s (a) = 0. The formula for h(a) then 
follows from the value for the Hurewicz image coming from [10] Proposition 3.4. 
The presence of the height 4 term e\ ■ e\ ■ e± ■ e\ when ^(f) has odd Euler 
characteristic indicates that such immersions have an odd number of quadruple 
points. □ 



5 Case 3: k = 3 mod 4 

Theorem 5.1 For k = 3 mod 4, there exists a manifold M k+2 with a self- 
transverse immersion M k+2 S-> M. 2k+2 for which the Euler characteristic of 
the double point self-intersection surface is odd (so that it is a non-boundary) 
if and only if k + 1 is a power of 2. In this case, the parity of the Euler 
characteristic of the double point self-intersection surface of a self-transverse 
immersion M k+2 M. 2k+2 is given by the normal Stiefel-Whitney number 
w 2 w k [M}. 

To prove this we begin as in Case 1. 

Lemma 5.2 For k = 3 mod 4, we have the following results in H tf D 2 MO{k) : 

Sql(e k ■ e k - 2 e 2 ) = Sq^e*"^ • e^ 1 e 2 ) = Sq\{Q k + 2 e k ) = 0; 

Sq 2 M ■ e\- 2 e 2 ) = Sql{e\- l e 2 ■ e^ 1 e 2 ) = S(£(Q k + 2 e k ) = e k -e k . □ 

Corollary 5.3 For k = 3 mod 4, given a <G 7rf A . +2 MO(/c) , h 2 h(a) lies in the 
submodule of H 2 j t+2 D 2 MO(k) spanned by the following set: 

{ 4 ■ et 2 e 2 2 + e\- x e 2 ■ e\~ x e 2 , e\ ■ e\~ 2 e 2 + Q k+2 e k , }. □ 

To prove Theorem 5.1 we determine which of the elements in the submodule 
of Corollary 5.3 can arise as a value of h 2 h. First of all we observe that, for 
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a G TT2 k+2 MO(k) corresponding to a self-transverse immersion /: M k+2 S-> 
M 2fc + 2 , the value of h 2 h(a) and so the bordism class of the double point self- 
intersection surface is determined by the bordism class of M. This is the 
analogue of Proposition 3.4. 

Proposition 5.4 For k = 3 mod 4, given an immersion f: M k+2 °t-> M? k+2 
corresponding to a G 7r| fc+2 MO(fc) , the Hurewicz image h(a) G H2k+2QMO(k) 
is determined by the hordism class of M . 

Before proving this we use it to complete the proof of Theorem 5.1 for k + 1 
not a power of 2. 

Corollary 5.5 For k = 3 mod 4, given a self-transverse immersion f: M k+2 
R 2h+2 , the bordism class of ^(f), the double point self-intersection surface, is 
determined by the bordism class of M . 

Proof This is immediate from the preceding proposition since, by Theorem 2.1, 
the bordism class of ^(f) is determined by h 2 h(a). □ 

Theorem 5.1 for k + 1 not a power of 2 is an immediate consequence of this. 

Corollary 5.6 For k = 3 mod 4 such that a(k + 2) > 2, the double point 
self-intersection surface of each self-transverse immersion f: M k+2 9-> IR 2fc+2 
has even Euler characteristic and so is a boundary. 

Proof By RL W Brown's embedding theorem ([6] Theorem 5.1), M is bordant 
to a manifold M\ which has an embedding f\\ M\ <^-> IR 2fc+2 . The double point 
self-intersection surface of /i is empty. Hence, by Corollary 5.5, the double 
point self-intersection surface of / is a boundary. □ 

We shall return to Theorem 5.1 for k such that a(k + 2) = 2, ie, k + 1 is a 
power of 2, after proving Proposition 5.4. 

Proof of Proposition 5.4 Suppose that fr. M-f +2 ^ R 2k+2 and / 2 : M 2 fc+2 

are two immersions of bordant manifolds corresponding to a± , a.2 G 
7r| fc _ ) _ 2 MO(fc) respectively. As in the proof of Proposition 3.4, since M\ and M 2 
are bordant manifolds h s (a\) = h s (a2)- It follows that 

h(a\ — 02) = h(ai) — h(a2) = h 2 h(ai) — h 2 h(ct2) = h 2 h(a\ — a 2 ) 
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and so lies in the submodule of H 2 k+ 2 QMO(k) spanned by the set given by 
Corollary 5.3. 

We consider the non-zero elements of this submodule in turn. First of all, by 
Lemma 2.6, neither e\ ■ e k " 2 e 2 + e k ~ 1 e 2 • e k ~ 1 e 2 nor e\ ■ e k ~ 2 e 2 + Q k+2 e k is 
primitive and so neither of these elements can be spherical. This leaves the 
element e k ~ 1 e 2 • e k ~ 1 e 2 + Q k+2 e k , which is primitive. 

Lemma 5.7 The element e k ~ l e 2 ■ e k ~ l e 2 + Q k+2 e\ G H 2k+2 QMO{k) is not 
spherical. 

Accepting this for the moment, it follows that h(a±) — h(a 2 ) = h(ot\ — a 2 ) = 
and so h(a\) = h(a 2 ) as required. □ 

The proof of Lemma 5.7 needs an additional idea. Certain elements a G 
TT n QX = tt^X are detected by their Hurewicz image in H n QX. Elements 
may also be detected by a cohomology operation in H*C a where the stable 
space C a is the mapping cone of the stable map a: S n — > X . It is interesting 
to consider the relationship between these two approaches. One of the most 
basic facts is the following. 

Proposition 5.8 Given a G ir 2m QX = ir 2m X , if h(a) = u 2 € H 2m QX where 
u £ H rn X, then Sq m+1 u / £ H 2m+1 C a , where u G H m C a is any class such 
that the Kronecker product (i*u,u) = 1 writing- i: X — > C a for the natural 
inclusion map. 

Notice that i*Sq m+1 u = Sq m+1 i*u = G }j 2m+1 X for dimensional reasons and 
so Sq m+1 u lies in p * H 2m+1 S 2m+1 Z/2 where p: C a -> S 2m+1 is the natural 
projection map. When Sq m+1 u ^ the stable space C a requires at least one 
suspension before it can exist as an unstable space. 

Proof of Proposition 5.8 This proposition can be thought of as describing 
how detection by a certain James-Hopf invariant corresponds to detection by 
a Steenrod-Hopf invariant. The proposition follows from work of Boardman 
and Steer ([5] Corollary 5.15). The special case of X = RP°° appears as [11] 
Lemma 4.2 and the justification given there extends to the general case. □ 

Proof of Lemma 5.7 Suppose, for contradiction, that there exists an ele- 
ment a G 7r 2 k+2QMO(k) such that 

h(a) = e\~ X e 2 ■ e k ~ 1 e 2 + Q k+2 e\ G H 2k+2 QMO(k). 
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Adjointness gives a natural isomorphism a: ir n QX = ir n+ iQY,X . Since the 
corresponding homology suspension a: H n QX — > H n+ iQY>X kills Pontrjagin 
products and commutes with the Kudo-Araki operations, 

hie 2 a) = Q k+2 a 2 e\ = a 2 e\ ■ a 2 e\ G H 2k+4 QT, 2 MO(k). 

Hence, by Proposition 5.8, 

Sq k+3 u + G H 2k+5 C a 2 a (3) 
where u G H k+2 C a 2 a is an element such that {i*u,a 2 e k } = 1. 
We now show that this is impossible. 

First of all notice that, since h s (a 2 a) = G H 2k +A^ 2 MO{k) , i*: H i C c i a = 
H l Y> 2 MO(k) for i ^ 2k + 5. This means that away from dimension 2k + 5 we 
can do calculations in H*C a 2 a by calculating in H*Ti 2 MO(2) . In particular, 
H k+2 C a 2 a ^ H k+2 T?MO{k) ^ Z/2 is generated by cr 2 w fc and so u = a 2 w k . 
Here w fc G H k MO(k) C H k BO(k) is the universal Stiefel-Whitney class. 

Secondly, we can evaluate the action of the Steenrod squaring operations on 
H*T, 2 MO(k) using the fact that the operations commute with suspension and 
using their action on H*MO(k) which is determined by the Wu formula (see 
[18] Problem 8A). In evaluating the operations we use the fact that k = 3 mod 4 
which means that we can write k = 4r — 1 for some positive integer r. 

Then, 

Sq fc+3 H = Sq 4r +VV r _i 

= (Sq 2 Sq 4r + Sq^q^SqV Vr-i by the Adem relations 

= SqVSq 4r w 4 r-l + SqVSq^SqVr-l 

since the operations commute with suspension 

= + Sq 1 a 2 w 2 w 2 r _ 1 by the Wu formula and dimension 

= Sq 1 cr 2 Sq 1 ttJi^4 r _ 1 by a further application of the Wu formula 

= Sq 1 Sq 1 (J 2 it)iti;4 f ,_ 1 since Sq 1 commutes with suspension 

= by the Adem relations. 

This contradicts equation (3) and so proves the lemma, completing the proof of 
Proposition 5.4 and so the proof of Theorem 5.1 in the case of a(k + 2) > 2. □ 

Now suppose that k = 3 mod 4 and a(k + 2) = 2. In this case k + 1 = 2 r for 
some integer r such that r > 2. 

To complete the proof of Theorem 5.1 we consider the structure of the bordism 
group MOk+2 of (k + 2) -dimensional manifolds. Recall that the unoriented 
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bordism ring MO* is a polynomial ring with one generator in each dimension 
not of the form 2 s — 1 . We describe a manifold M k+2 as decomposable (up to 
bordism) if it represents a decomposable element in this ring and so is bordant 
to a union of product manifolds iV™ 1 x iV™ 2 where mi, m 2 > 0. We can 
assume that mi, m 2 > 2 since there is no non-boundary in dimension 1. Any 
indecomposable manifold of dimension k + 2 can be taken as a representative 
of a polynomial generator in this dimension and any two such manifolds arc 
bordant modulo decomposable manifolds. Notice that, by R Cohen's immersion 
theorem ([7]), every manifold in this dimension immerses in 

We first of all deal with the decomposable manifolds. 

Proposition 5.9 For k = 3 mod 4 such that a(k + 2) = 2, every manifold 
M k+2 which is decomposable in the bordism ring is bordant to a manifold 
which embeds in R 2fc+2 . Hence the double point self-intersection surface of any 
immersion M k+2 S-> R 2fc+2 has even Euler characteristic and so is a boundary. 

Proof To prove that decomposable manifolds of dimension k + 2 embed up to 
bordism it is sufficient to prove that each product N™ 1 x N™ 2 , with mi , m 2 > 2 
and mi + m 2 = k + 2 , embeds up to bordism in R 2fc+2 . To do this we make 
use of the following result which follows easily from the Whitney embedding 
theorem. 

Lemma 5.10 ([6] Lemma 2.1) If the manifold N™ 1 immerses in W , the man- 
ifold N% 2 embeds in R* and s + t > 2m x + 1 then N ± x N 2 embeds in W +t . □ 

Since mi + m 2 = A; + 2 = 2 r + l and mi, m 2 > 2 it follows that a(mi) > 2 
or a(m 2 ) > 2. Suppose without loss of generality that a(m 2 ) > 2. Then, by 
RLW Brown's embedding theorem ([6]), iV 2 is bordant to a manifold which 
embeds in R 2m2_1 . In addition, by the Whitney immersion theorem, Ni im- 
merses in R 2mi_1 . Hence, by the lemma, N\ x iV 2 is bordant to a manifold 
which embeds in ^2mi+2m 2 -2 _ ^2fc+2^ rj,^ numer i ca ] condition of the lemma 

is automatically satisfied: s + t = 2k + 2> 2m\ + 1 since mi < k . 

The final part of the proposition is immediate from Corollary 5.5 as in the proof 
of Corollary 5.6. □ 

We turn now to the indecomposable manifolds. 
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Proposition 5.11 For k = 3 mod 4 such that a(k + 2) = 2, suppose that 
a G 7r| fc+2 MO(/c) corresponds to an immersion f: M k+2 S-> M 2fc+2 of a manifold 
M which is indecomposable in the bordism ring. Then 

h(a) = h s (a) + e\ ■ e k - 2 e 2 2 + Q k+2 e\ 

and so the double point self-intersection surface ^(f) has odd Euler charac- 
teristic and so is not a boundary. 



Proof We make use of particular indecomposable manifolds constructed by 
A Dold ([8]). In dimension k + 2 = 2 r + 1 this manifold V k+2 is formed from 
the product S 1 x CP 2T by identifying (u,z) with (— u, z). In Dold's notation 
this is P(l,2 r_1 ). He shows that the cohomology ring of V is given by 

H*V = Z/2[c,d]/(c 2 ,d 2r ~ 1+1 ) 

where dim(c) = 1 and dim(d) = 2 , and the total tangent Stiefel- Whitney class 
of V is given by 

w(V) = (l + c)(l + c + d) 2r ~ 1+1 . 
This implies that the total normal Stcifel- Whitney class of V is given by 

w(V) = (l + c)(l+c + d) 2r_1 - 1 

from which it follows that w\(V) = 0, W2(V) = d and Wk = T«2 r -i = cd 2r 1-1 . 

Hence V is an orientable manifold such that the normal Stiefel- Whitney num- 
ber W2Wk [V] = 1 . 

Let / : V S-> M. 2k+2 be an immersion corresponding to a € 7i"2 fc+2 MO(/c) • Using 
the argument in the proof if Proposition 3.5 it follows from the non-vanishing 
of this Stiefel-Whitney number that e^e 2 has coefficient 1 when h s (a) G 
H2k+2MO(k) is written in terms of the basis {e/} . Hence from Lemma 2.6 and 
Corollary 5.3 it follows that either 

h(a) = h s {a) + ef • e k ~ 2 e 2 2 + e k ~ 1 e 2 ■ e k ~ 1 e 2 

or 

h(a) = h s (a) + e\ ■ e k ~ 2 el + Q k+2 e\ . 

However, since V is orientable, h(a) lies in the image of H 2 k+2QMSO(k) in 
H2k+iQMO(k) . Since Hi s+ iMSO(k) = the element e k ~ 1 e2 does not come 
from H2k+iMSO(k) which eliminates the first of the above possibilities. This 
proves the formula in the proposition for the manifold V . However, since any 
other indecomposable manifold M is bordant to V modulo a decomposable 
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manifold the same formula holds for an immersion of M by Proposition 5.4 
and Proposition 5.9. 

The Euler characteristic of the double point self-intersection surface is now given 
by Theorem 2.1 since, by Lemma 2.4, £*(e k • e k ~ 2 el + Q fe+2 e^) = e^~ x e z . □ 

Proof of Theorem 5.1 Almost everything is given by Corollary 5.6, Proposi- 
tion 5.9 and Proposition 5.11. The final observation about the Stiefel-Whitney 
number is clear since, by Lemma 2.6, e\ ■ e^~ 2 e\ occurs in h(a) if and only 
if e k ~ 2 e 2 does and by the argument in the proof of Proposition 3.5 this is 
equivalent to W2Wk[M] = 1. □ 



6 Comparison with Szucs's results 

To conclude, we compare the results and methods of this paper with those of 
Szucs in [22]. His methods are more geometric than ours and he gives explicit 
constructions to show that any surface of even Euler characteristic can oc- 
cur as the double point self-intersection manifold of a self-tranverse immersion 
flj 2fc + 2 if fa j s e ven, and any surface can arise if k = 1 mod 4. 

There are two key steps in Szucs's non-existence proof. 

Proposition 6.1 ([22] Claim 1) For fc ^ 1 mod 4, the parity of the Euler 
characteristic of the double point self-intersection surface of a self-transverse 
immersion M k+2 M. 2k+2 depends only on the bordism class of M . 

Proposition 6.2 ([22] Claim 3) For k ^ 1 mod 4, the Euler characteristic of 
the double point self-intersection surface of a self-transverse immersion M k+2 
is even, if M is decomposable in the bordism ring. 

These are both included in our results. In fact we have proved a stronger result 
than Proposition 6.1 as follows. 

Proposition 6.3 For k ^ 1 mod 4, given an element a G 7T2 fc+2 MO(/c) cor- 
responding to a self-transverse immersion 

M k+2 ^ R 2k+2^ the Hurewicz image 
h(a) <G H2k+2QMO(k) depends only on the bordism class of M . 

This is our Proposition 3.4 and Proposition 5.4. It implies Proposition 6.1 by 
Theorem 2.1. 
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Szucs's technique for proving Proposition 6.1 is to extend the discussion to in- 
clude maps which he calls prim maps; these are smooth maps M k+2 — > M. 2k+2 
which arise as the projection of an immersion M k+2 R 2fc+3 — > M. 2k+2 . 
Szucs claims that Proposition 6.1 remains true for these maps. However, this 
must be false since he describes ([22] Lemma 4) how to construct a prim map 
/: V 2r+1 — > R 2r+ of an indecomposable manifold with a double point self- 
intersection surface of even Euler characteristic, whereas by our Proposition 5.11 
the double point self-intersection surface of any immersion of V will have odd 
Euler characteristic. 

Turning to Proposition 6.2, we have proved this explicitly for k = 3 mod 4 as 
Proposition 5.9. It is immediate for even k from Theorem 3.1. It is intriguing 
that, whereas by our methods the case of even k is the simplest, by Szucs's 
geometric approach the argument in this case is quite delicate. He readily 
reduces the question to the case of IRP 2r x RP 2 " (using Proposition 6.1 and 
Brown's embedding theorem as we do) but then dealing with these manifolds 
calls for some ingenuity. It is not surprising that these manifolds are the difficult 
ones since these are the even dimensional manifolds for which h 2 h(o) is non- 
zero (by Proposition 3.5). 
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